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Lattice QCD at finite density

Consider lattice QCD with staggered fermions at finite density p:
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[Worldline approach}

@ Integrate out U’s before x’s —- worldlines of color-neutral objects.
@ Integration over U’s only possible for 5 =0
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Lattice QCD at finite density

Consider lattice QCD with staggered fermions at finite density p (Ny = 1):
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[Worldline approach}

@ Integrate out U’s before x’s = worldlines of color-neutral objects.
@ Integration over U’s only possible for 3 =0 —- fermionic one-link integrals
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MDP models in the strong coupling limit

Integrating out ¥, x results in a Monomer-Dimer-Polymer model (MDP):
[Rossi & Wolff 1984] [Karsch & Miitter 1989]
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Degrees of freedom

@ Monomers:n, x @

@ Mesons: i, , x—x+
@ Baryons: b, , x=-===-= »—---=-x+i
E\ " X ==————----- x+ i

[Grassmann constraints} N X, x’s saturate each site:

Xt D, (o ke + Moy ) =N
Do kup + ke oy + Nby ) =N
X ny + ZH( ot K, — A )

= Z;L(b‘?# —by,) =0 self-avoiding baryon loops eg. SU(3),Ny =1
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MDP models beyond the strong coupling limit
Recent numerical simulations mapped the phase diagram of Ny = 1, SU(3) QCD:

@ at 6 = () [de Forcrand & Fromm 2010] [Unger & de Forcrand 2012

@ including O() corrections [ge Forcrand et al2014]

... but it is hard to go further in the strong-coupling expansion.

[Challenge: How to approach the regime of continuum physics via MDP models?)

Ideally, we would like to know:
Z(8) = / [dxdx] / [dU] e~ SV =Sr o 0) = / [dxdx] "X F(B; X, x)

but the four coupled link variables around a plaquette in the gauge action prevents
the exact integration of the gauge field at 5 > 0.

Use auxiliary bosonic fields to decouple the link variables )
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Gaussian auxiliary fields

Let us multiply partition functions by “1” = Gaussian integral over X € Mat(N, C):
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and use Hubbard-Stratonovich (HS) transformations to simplify the action:

/ HS: X+ /B(X-7Y) \

1 _
action : —qu2 + §|Y|2 — - g\xﬁ + B Re(YX)

B

1 _ _
measure : —dXdX —— —dXdX
2 T

Qartition function : Z —> / v5(X) du oBRe(YX) j
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4-link action — 2-link action — 1-link action —— 0-link action

Start with the usual partition function of pure lattice gauge theory:

1l T
)= [0 S (T 10)
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4-link action — 2-link action — 1-link action — 0-link action

Multiply the partition function of pure lattice gauge theory by “1”: (Fabricius & Haan 1984]

_ — L ReTr T ut '
Z(,B) :/[dU]e ﬁzv,u< (I RT( X5 1 x+#lUr+uu X‘U))X/A’][Q/}

HS-transform the new auxiliary variable Q’:

v = \/g (Qw,x = UpxUppyp — Uu,qu,x-w)

The partition function becomes:

Z(p) = /7/3 [Q]/[dU] ru<u(17%R‘A'Tr(gi“”U*““U*“""))
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4-link action — 2-link action — 1-link action — 0-link action

Multiply the partition function of pure lattice gauge theory by “1” (again):

Z(,B) _ /’Yi [Q] /[dU] e—ﬁ ZL“<V(l—ﬁReTr(Q,I,;A,VUx,/LUerﬂ-,u)) x /‘”[R/]

HS-transform the new auxiliary variable Q’:

R)/C,[,LV = \/g (wa - Qx,uvUL.ﬂ,,, - Ux,u)

The integrand factorizes as a product of (solvable) bosonic one-link integrals:
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4-link action — 2-link action — 1-link action — 0-link action

We obtain an exact representation of the partition function of pure lattice gauge
theory without link variables, in terms of bosonic one-link integrals:

B B v(aut)+1r(BU
Z(B) = / W[[Q]’yg [ ]H B (2N T ﬁjj“) ’ e/d[;(A,B) = /GdUeT(Al/T)+T (BU)

X,

The bosonic one-link integral can be solved analytically. (creutz 1978 [Eriksson et ar 1981]

[Examples of 0-link partition functions}
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4-link action — 2-link action — 1-link action — 0-link action

We obtain an exact representation of the partition function of pure lattice gauge
theory without link variables, in terms of bosonic one-link integrals:

Z(B) = / W[ 0] ’yg [R] H B (;jv T %Jj“) ’ I6(A,B) = /GdUeT"(Al/T)+T|-(I§l/')

X,

[Gauge-invariant loop operators) are constructed using effective links, 5;’ = (UY):
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4-link action — 2-link action — 1-link action — 0-link action

Z(B)
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4-link action — 2-link action — 1-link action — 0-link action

Z(B)
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[Expectation values of the plaquette operatorJ

76 SU(2) SU(3)
n-link action B plaquette B8 plaquette 8 plaquette
4 1.00 0.58570(23) 2.25 0.586189(37) 5.70  0.549190(51)
2 1.00 0.58572(59) 2.25 0.586161(65) 5.70  0.549098(73)
1 1.00 0.5864(11) 2.25 0.58618(12) 5.70 0.54917(15)
0 1.00 0.5864(11) 2.25 0.58618(12) 5.70 in progress
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0-link action: including fermions

Extending the 1-link partition function to include Ny flavours of staggered fermions is
straightforward, because Sr is already linear with respect to the link variables:

y N Ny .

B J.[‘(/.,U« — ﬂ‘l)[fju+ E €+uQaT6M7KSZ
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Z(8) =/[dxd>z] e"mfcx/ﬂﬁ (01 5 [R] H/dU o [(%IFZ;"QK/‘”)”} T [(szfjv’:*za”a’(ﬁ)uf]
v L
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0-link action: including fermions

Extending the 1-link partition function to include Ny flavours of staggered fermions is
straightforward, because Sr is already linear with respect to the link variables:

y N Ny .

B J.[‘(/.,U« — ﬂ‘l)[fju+ E €+uQaT6M7KSZ

2N 7 2N 7 a=1 '

B i B =i } :Nf 8, T oij i —aj
2NJX~,H — ZN‘]).C#L - a71€ Hadr “'TK’(HU, Kx,ﬂ = Wx,LX;?'XH_,;

Z(8) =/[dxd>z] e"mfcx/ﬂﬁ (01 5 [R] H/dU o [(%IFZ;"QK/‘”)”} T [(szfjv’:*za”a’(ﬁ)uf]
v L
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G=U(l), Ny = I:
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0-link action: including fermions

Extending the 1-link partition function to include Ny flavours of staggered fermions is
straightforward, because Sr is already linear with respect to the link variables:

B ij aij
7‘/]7M 7‘/x M + E B +Llua7 wr K by

2N
B B N Sy il
ﬁjl] — 2NJl‘j” E o “Hadrdur o K\O‘Z = nwx?’xfiu
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G = U(1), arbitrary N;:

1
.
o = e S (5 120 (D) e 3, b0 g gt
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0-link action: including fermions

Extending the 1-link partition function to include Ny flavours of staggered fermions is
straightforward, because Sr is already linear with respect to the link variables:
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G=SUQ2),N;=1:
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MDP models at finite 8: U(1), Ny = 1
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Degrees of freedom

@ Monomers:n, x @

@ Dimers: k., x———x+} Y
@ Electrons: ¢, ,, x-=---- P X+ e Sl ' L4
R SR Y oAy
P - i ®
[Grassmann constraints} . Y
- 1 ]
PO DN CVEY SRS X Y
X: ny + Z“ (kx,u R ‘7),;1) =1 " o ’

= Z“(‘].wt —Gx,u) =0
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MDP models at finite 5: U(1), arbitrary Ny
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Degrees of freedom
@ Monomers: n’ x ®
@ Dimers: k;fﬁ X x+f1 l V A
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Conclusion

@ We decouple all link variables in the gauge action using auxiliary bosonic fields.

@ We obtain a sequence of n-link partition functions (n = 4,2,1,0) that encode the
same physics. In particular, we integrate out all the link variables exactly for
arbitrary 3. Numerical simulations of pure gauge theory are under control.

@ The extension of the 0-link action to full QCD with N, staggered flavours at finite
density is straightforward.

@ By integrating out the lattice fermions a posteriori, we construct MDP models of
lattice gauge theories for arbitrary 3.

Challenges

@ Find a suitable resummation of worldlines that makes the sign problem milder.

@ Perform numerical simulations of the MDP models at finite 5.
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